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1. INTRODUCTION 
In 1972, R. H. Bruck [1] conjectured that for a prime power q, the 3- 
dimensional projective geometry PG(3, q) of points and lines might be 
extended to a projective plane of order q(q + 1) by adding more points and 
lines but retaining the point-line incidences of PG(3, q). 
This conjecture has been investigated in this paper in a search for a 
possible plane of order 12 arising from the projective geometry PG(3,3). A 
complete search shows that this extension is impossible. 
For a plane 7c of order 12, if its ternary code (i.e., code over GF(3)) 
contains a word with 27 + l’s and 130 O’s, then the 27 points corresponding 
to the + l’s lie three at a time on 117 lines to form a Steiner triple system 
S(27). Since the S(27) must have a resolution of its points for each of the 
130 points of 7~ not in the 27, it is reasonable to assume that the S(27) is in 
fact the affine geometry AG(3,3) of dimension 3 over GF(3). The 130 points 
not among the 27 and the 40 lines not among the 117 of the S(27) are a 
configuration dual to a design with v = 40, b = 130, r = 13, k = 4, A = 1. 
These are the parameters of the projective geometry PG(3,3). Hence coding 
theory supports the Bruck conjecture. 
Computer searches were carried out first for the projective case PG(3, 3) 
and then for the affrne case AG(3,3). Unfortunately no plane was found. The 
computer used was the Emory University Nova and the authors would like 
to express their gratitude to Professor Ken Mandelberg of Emory for making 
this facility available to us. 
2. THE TERNARY CODE FOR A PLANE OF ORDER 12 
A finite projective plane 7c of order n has n* + n + 1 points and n2 + n + 1 
lines. Each line has n + 1 points and each point is on n + 1 lines. Two 
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distinct points lie on exactly one line and two distinct lines intersect in a 
unique point. Thus II is a symmetric (a, k, 2) design with u = n* + n + 1, 
k=n+ 1, and I= 1. 
For order n= 12, 7~ is a (157, 13, 1) design. Let A be the 157 by 157 
incidence matrix with rows corresponding to lines and columns to points, 
and with A = [aij], i, j = l,..., 157, given by aii = 1 if the ith line contains the 
jth point and alj = 0 otherwise. Considering the rows of A as vectors over 
F,, the field with three elements, the code C of rc is the subspace of Fis7 
spanned by the rows of A. C is the ternary code for rr, a plane of order 12. 
From Theorem 4.1 of [2] since 3 divides 12 = 13 - 1 to exactly the first 
power C is of dimension 79, its orthogonal dual C’ is of dimension 78, and 
CI> Cl. Here by definition Cl= {u 1 U,U, + U,U, ... + u,J7~,57 = 0) for all 
2, = (u, )...) u iJ7) E C. A row of A contains 13 l’s and 144 0’s. Since 
--u = u + u, every vector of C is the sum of a finite number of rows of A. 
Let u = (u, ,..., u r5’) E C and suppose that ur ,..., urs7 has r O’s, s l’s and t 
2’s where of course r + s + t = 157. If u is the sum of m rows of A, an easy 
induction shows that if m = 0 (3) then r = 1 (3) s = 0 (3) t = 0 (3), if m = 1 
(3)thenr=0(3),s=l (3),trO(3)andifm=2(3)thenr=O(3),s-0 
(3), t = 1 (3). Also if ri is a row of A and u E C is the sum of m rows, 
u = 'j, + rj, + .a. + rj,, since (ri, rj,) = 1 (3) then (ri, u) = m (mod 3). Hence 
when m = 0 (mod 3) then u E Cl. 
It is possible that C may contain a vector u,, = (l,..., 1, O,..., 0) with 27 l’s 
and 130 0’s. Associate with u, the 27 points whose coordinate is 1 in uO. If 
L = ri is a line of n then (L, uO) = 0 (mod 3) since u0 E Cl (because Y = 1 
(3) and s = t = 0 (3) for v,,). Hence of the 13 points on L a multiple of 3 of 
them will belong to the set {P,,..., P,,} of 27 points associated with uO. Of 
the 13 lines through one of these, say P, , each line must contain at least two 
more of P *,..., P,, and hence exactly two for each of them. Thus a line 
intersects (P, ,..., P,,) in 0 or 3 points. Hence the lines through points of 
9 = (PI )...) P,,} form a Steiner triple system S(27). 
The Steiner triple system S(27) is a block design with parameters u = 27, 
b = 117, r= 13, k= 3, A= 1. For a point P not one of {PI,..., P,,} a line 
through P containing one of the Pi will contain exactly 3 of them and so 
there will be 9 lines through P each containing 3 points of S(37) and 4 lines 
through P containing no points of S(27). Thus for P E 71, P @ S(27) there is 
a resolution of S(27) using 9 of the 117 lines of S(27). If we take one of the 
157-117 = 40 lines containing no point of S(27) say L, the 13 points on L 
will give 13 resolutions of S(27) thus yielding a Kirkman system. 
These parameters are those of the affine three dimensional geometry over 
F,, AG(3, 3). We shall attempt to embed this in a plane of order 12. We 
number the points 1 to 27 in the following way. 
1 = (0, 0,O) 10 = (l,O, 0) 19 = (2,0,0) (2.1) 
2=(0,0.1) ll=(l,O, 1) 20=(2,0,1) 
3 = (0, 0,2) 12 = (l,O, 2) 21 = (2,0,2) 
4 = (0, 1,O) 13 = (1, 1,O) 22 = (2, 1,O) 
5 = (0, 1, 1) 14 = (1, 1, 1) 23 = (2, 1, 1) 
6 = (0, 1,2) 15 = (1, 1,2) 24 = (2, 1,2) 
7 = (0,2,0) 16 = (1,2,0) 25 = (2,2,0) 
8=(0,2,1) 17 = (1,2, 1) 26=(2,2, 1) 
9 = (0, 2,2) 18 = (1,2,2) 27 = (2,2, 2) 
With this numbering, the 117 lines of AG(3,3) are 
(2.2) 
Line Points Line Points 
Lines of AG(3, 3) 
Line Points 
1123 31 3 12 21 61 6 14 22 
2 147 32 3 13 26 62 6 15 24 
3 159 33 3 14 25 63 6 16 20 
4 168 34 3 15 27 64 6 17 19 
5 1 10 19 35 3 16 23 53 6 18 21 
6 11121 36 3 17 22 66 7 8 9 
7 11220 37 3 18 24 67 7 10 22 
8 11325 38 4 5 6 68 71124 
9 1 14 27 39 4 10 25 69 71223 
10 1 15 26 40 41127 70 7 13 19 
11 11622 41 4 12 26 71 7 14 21 
12 1 17 24 42 41322 72 7 15 20 
13 1 18 23 43 4 14 24 73 7 16 25 
14 2 4 9 44 4 15 23 74 71727 
1.5 2 5 8 45 4 16 19 75 7 18 26 
16 2 6 7 46 4 17 21 76 8 10 24 
17 2 10 21 47 4 18 20 77 81123 
18 21120 48 5 10 27 78 8 12 22 
19 2 12 19 49 51126 79 8 13 21 
20 21327 50 51225 80 8 14 20 
21 2 14 26 51 5 13 24 81 8 15 19 
22 2 15 25 52 5 14 23 82 8 16 27 
23 2 16 24 53 5 15 22 83 8 17 26 
24 21723 54 5 16 21 84 81825 
25 2 18 22 55 5 17 20 85 9 10 23 
26 3 4 8 56 5 18 19 86 9 11 22 
26 3 5 7 57 6 10 26 87 9 12 24 
28 3 6 9 58 61125 88 9 13 20 
29 3 10 20 59 6 12 27 89 9 14 19 
30 3 11 19 60 61323 90 9 15 21 
Line Points 
91 9 16 26 
92 91725 
93 9 18 27 
94 10 11 12 
95 10 13 16 
96 10 14 18 
97 10 15 17 
98 11 13 18 
99 11 14 17 
100 11 15 16 
101 12 13 17 
102 12 14 16 
103 12 15 18 
104 13 14 15 
105 16 17 18 
106 19 20 21 
107 19 22 25 
108 19 23 27 
109 19 24 26 
110 20 22 27 
111 20 23 26 
112 20 24 25 
133 21 22 26 
114 21 23 25 
115 21 24 27 
116 22 23 24 
117 25 26 27 
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Let us now consider the 40 lines containing none of the points of S(27) 
and the 130 points not in the S(27). As we have observed, each of the 130 
points lies on 4 of the 40 lines, and any two of these lines will intersect in a 
unique point of the 130. The dual of this configuration has 40 points and 
130 lines, with 
21 = 40, b = 130, r= 13, k = 4, /I= 1. 
These are the parameters of the projective three dimensional geometry over 
F,, PG(3, 3). Here we may take as points the residues 0, l,..., 39 (mod 40) 
and as lines L O,...r L,,, given by 
Li = i, i + 1, i + 26, i + 32, i = O,..., 39 (2.3) 
L 4,,+i = i, i + 7, i + 19, i + 36, i = O,..., 39 
L 80+i = i, i + 3, i + 16, i + 38, i = O,..., 39 
L ,,,+i=i,i+10,i+20,i+30, i=O ,..., 9. 
We shall also attempt to embed PG(3, 3) into a plane of order 12. 
3. THE PROJECTIVE CASE 
Let us attempt to embed the 130 four point lines of PG(3, 3) into a 
projective plane of order 12. Line 120 contains 0, 10, 20, 30 and 9 further 
points P, P, P, P, P, P, P, P, P,. The thirteen lines through 1 are 
(3-l) Lo 0, 1, 26, 32 L62 22, 29, 1, 18 
L, 1, 2, 27, 33 -&‘I 34, 1, 13,30 
L-3 9, 10,35,1 43, 1,4, 17, 39 
L,, 1.5, 16, 1, 7 L 83 3, 6, 19, 1 
L.4, 1, 8, 20, 37 L 105 25,28, 1923 
L 5, 12~24, 1 45 L 38, 1, 14, 36 ,,8 
L 1, 1, 21331 ,z, 
L,, L,, L41, L,, respectively go through 0, 10, 20, 30. The remaining 9 
lines will go through P, ,..., P, no two through the same Pi since we cannot 
have two lines 1, Pi. The same situation holds for any other of the points 
0 ,..., 39 different from 0, 10, 20, 30. If P,, is the point in which L,,, 1, say 
11, 21, 31 intersects L,,(), there will be 8 further lines L:,..., L,*, through P,. 
so that the set of 10 lines L ,z,, , L ,*, , LT ,..., L& together yield a resolution of 
the 40 points O,..., 39. 
In this way, each of the 117 points of 7c not one of the original 40, O,..., 39 
will correspond to a resolution of PG(3, 3). 
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There are exactly 72 resolutions (which we do not list here) including lines 
120 and 121. Two of these are 
(3.2) Line Points Line Points 
120 0, 10,20,30 120 0, 10,20,30 
121 1, 11,21,31 121 1, 11,21, 31 
2 2,3,28, 34 122 2,12,22,32 
7 7, 8, 33,39 123 3, 13,23,33 
12 12, 13,38,4 124 4, 14,24,34 
23 23,24,9, 15 125 5, 15, 25,35 
58 l&25,37, 14 126 6,16,26,36 
99 19,22, 5, 17 127 7, 17, 27, 37 
109 29,32,5,27 128 8, 18,28,38 
126 6,16,26,36 129 9, 19,29,39 
We shall normally describe a resultion by simply listing the numbers of 
the 10 lines in it. Two resolutions will not be consistent if they are different 
but contain two of the same lines, say 2 and 7, because lines 2 and 7 must 
intersect in a unique point. 
The resolutions for a fixed line, say 120 will correspond to the 9 points on 
the line besides 0, 10, 20, 30. Each of the 81 lines of PG(3,3) not through 0, 
10, 20, or 30 will occur exactly once in this array, which, somewhat loosely, 
we call a square. One such is the following: 
(3.3) Square Four 
120 121 122 123 
120 1 25 76 
120 45 91 99 
120 15 88 58 
120 81 93 67 
120 118 11 109 
120 83 115 49 
120 62 72 113 
120 105 55 12 
124 125 126 127 128 129 
52 13 86 37 98 68 
95 6 69 2 103 77 
31 3 27 66 42 116 
75 36 32 89 85 59 
33 108 16 21 23 79 
111 26 119 57 65 22 
48 101 78 47 46 56 
7 5 96 106 35 17 
In this general search we use the principles of equivalence by 
automorphisms (here the collineation group of PG(3,3)) and preference in 
starts. Two sets of resolutions are equivalent if there is a collineation of 
PG(3, 3) taking one set into the other, and of course the inverse collineation 
will take the second into the first. The fact that the collineation group G of 
CONJECTURE OF R. H. BRUCK 27 
PG(3, 3) is large is very helpful in this respect. This group G has order 
40 . 39 . 36 . 27 . 8 = 12, 130, 560. If we have a number of starts, arbitrarily 
numbered say l,..., C, we prefer the starts according to this numbering. 
Suppose by adding a new resolution to start j we have a subset of these 
resolutions equivalent to start i, with i < j then we proceed no further since 
any further steps will give resolutions equivalent to some completion of start 
i. This principle of preference greatly reduces duplication in the search. 
Since G will take any set of 4 non-coplanar points into any other such, we 
may take 0, 10, 1, 11 as 4 such points, and conclude that any two skew lines 
can be mapped by G into the two lines 120, 12 1. Thus any resolution is 
equivalent to one of the 72 including lines 120 and 121. But in fact all 72 of 
these are equivalent under G (not necessarily taking 120 and 121 into them- 
selves) and so without loss we shall assume that one of our resolutions is the 
72nd: 
(3.4) Resolution 72: 120, 121, 122, 123, 124, 125, 126, 127, 128, 129. 
A resolution including 120 will include a line through point 1 which will be 
one of the lines 1, 15, 45, 62, 81, 83, 105, 118, 121. For each of these 
choices there will be 72 resolutions giving a total of 9 . 72 = 648 resolutions 
including line 120. 
Line 120 is one of 13 lines including the point 0 and as each of these lines 
is in 648 resolutions the total number of resolutions is 648 . 13 = 8424. 
Since G is transitive on these 8424 resolutions the stabilizer of one of them 
in particular number 72 in (3.4) is of order 1 G)/8424 = 1440. Since the 
collineation on points i+ i + 1 (mod 40) is transitive on the lines of 
resolution number 72, it follows that the order of the group stabilizing 
resolution number 72 and the line 120 is 144. 
We now look for squares through 120 including resolution 72 in (3.4). Of 
the 648 resolutions through line 120 only 272 are consistent with (3.4). 
Under the action of the group of order 144 the 272 resolutions fall into 4 
orbits: 
(3.5) Representative 
Orbit I 120 1 25 76 52 13 86 37 98 68 - 8 resolutions 
Orbit II 120 1 55 49 52 79 57 37 47 65 - 48 resolutions 
Orbit III 120 1 55 49 12 31 79 47 69 101 - 72 resolutions 
Orbit IV 120 1 55 13 17 108 69 56 6 101 - 144 resolutions 
We use these orbits as a basis for preference in the order given. Thus using 
the third representative we omit all 56 resolutions in Orbits I and II. The 
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resolutions of Orbit I together with (3.4) form a square which is naturally 
Square One. 
(3.6) Square One 
120 121 122 
120 1 25 
120 45 91 
120 15 88 
120 81 93 
120 118 72 
120 83 115 
120 62 11 
120 105 55 
123 124 125 126 127 128 129 
76 52 13 86 37 98 68 
99 95 6 69 2 103 77 
58 31 3 27 66 42 116 
67 75 36 32 89 85 59 
106 5 33 56 48 21 17 
49 111 26 119 57 65 22 
7 108 23 78 96 35 46 
12 113 16 47 79 101 109 
With the first representative there is a group of order 18 fixing both (3.4) 
and it, with the second group of order 3, and with the third a group of 
order 2. 
Using the collineations and the preference principle we find a total of 16 
squares on line 120 including (3.4). 
We now look for squares on lines 121,..., 129 naturally including (3.4). 
For each square the computer found all resolutions which were consistent 
with every row of the given square. The resulting lists were then examined by 
eye. In every case it was easy to see that no compltion was possible. For 
example, with Square Four there was no consistent resolution involving 121 
and 16. (A product with a zero factor is easily evaluated,) It now follows 
that the space PG(3,3) cannot be embedded into a plane of order 12 
disproving Bruck’s conjecture in this case. 
4. THE AFFINE CASE 
In this case we are attempting to embed the 117 lines of (2.2) into a 
projective plane 7c of order 12. As in the projective case each of the 
130 points not one of the original 27 will correspond to a resolution of 9 
lines of the 117 which together contain all 27 points. 
In making this search we shall make the additional assumption that each 
parallel class of lines is one of these resolutions. This is a natural assumption 
to make and it is difficult to visualize a generalization of this case, using 
geometrical properties, which does not use these parallel resolutions. There 
are, of course, 13 parallel resolutions which together yield a Kirkman system 
on 27 points. They are listed here: 
CONJECTURE OF R. H. BRUCK 29 
(4.1) Parallels of AG(3, 3) 
12 3 1 4 I 159 1 6 8 1 10 19 1 11 21 1 12 20 
4 5 6 2 5 8 2 67 2 4 9 2 11 20 2 12 19 2 10 21 
7 8 9 3 6 9 3 4 8 3 5 7 3 12 21 3 10 20 3 11 19 
10 11 12 10 13 16 10 14 18 10 15 17 4 13 22 3 14 24 4 15 23 
13 14 15 11 14 17 11 15 16 11 13 18 5 14 23 5 14 22 5 13 24 
16 17 18 12 15 18 12 13 17 12 14 16 6 15 24 6 13 23 6 14 22 
19 20 21 19 22 25 19 23 2-l 19 24 26 1 16 25 I 17 21 I 18 26 
22 23 24 20 23 26 20 24 25 20 22 21 8 17 26 8 18 25 8 16 21 
25 26 21 21 24 21 21 22 26 21 23 25 9 18 21 9 16 26 9 17 25 
1 13 25 1 14 27 1 15 26 1 16 22 1 17 24 1 18 23 
2 14 26 2 15 25 2 13 21 2 17 23 2 18 22 2 16 24 
3 15 21 3 13 26 3 14 25 3 18 24 3 16 23 3 17 22 
4 16 19 4 17 21 4 18 20 4 10 25 4 11 27 4 12 16 
5 17 20 5 18 19 5 16 21 5 11 26 5 12 25 5 10 27 
6 18 21 6 16 20 6 17 19 6 12 27 6 10 26 6 11 25 
I 10 22 I 11 24 I 12 23 7 13 19 7 14 21 7 15 20 
8 11 23 8 12 22 8 10 24 8 14 20 8 15 19 8 13 21 
9 12 24 9 10 23 9 11 22 9 15 21 9 13 20 9 14 19 
Other resolutions will be skew-resolutions in which any two lines are skew in 
AG(3,3). For the two lines 1 = 1, 2,3 and 39 = 4, lo,25 there are exactly 
72 skew resolutions including both. Two of these are: 
Number 3 1, 39, 51, 63, 74, 77, 89, 103, 113 (4.2) 
Number 7 1,39,51, 65,69,81, 91, 99, 110 
The collineation group G of AG(3,3) is of order 27 . 26 . 24 . 18 = 
303, 264, and is a much smaller group than that of PG(3, 3). It is this fact 
which makes the affine case more difficult than the projective case. Each of 
the 117 lines contains 1 point for its parallel resolution, 3 in AG(3, 3) and 9 
others. Thus for a line, say 1 = 1, 2, 3 there will be 9 pairwise consistent 
skew resolutions. Since G is transitive on pairs of skew lines this gives a total 
of 9 . 72 = 648 resolutions including line 1. Since line 1 is one of 13 lines 
including the point 1, the total number of resolutions is 648 . 13 = 8424. G is 
not transitive on all the resolutions, but has two orbits, the first with 
number 3 as representative containing 6318 resolutions and the second with 
number 7 as representative containing 2106 resolutions. 
We use as a preference choosing number 3 first and number 7 second. The 
stabilizer H, of number 3 has order 48 and fixes line 1. The stabilizer H, of 
number 7 has order 144 and is transitive on its 9 lines. 
There are 297 skew resolutions through line 1 which are consistent with 
(4.3) Number 3 1, 39, 5 1, 63, 74, 77, 89, 103, 113 
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There are eight orbits of resolutions containing a resolution with lines 1 
and 40. Representatives of these orbits are 
(4.4) I 1,40,52,64, 75, 78,90,95, 112 
II 1,40,52, 65, 72, 76,91, 101, 07 
III 1,40, 56,61, 87, 72,83,95, 1 1 4 
IV 1,40, 56,61,87, 73, 79,97, 1 1 
V 1,40,52,65, 70, 78,91, 97, 1 2 
VI 1,40, 53,65, 70, 83, 85, 102, 1 12 
VII 1,40, 53,65,85, 73, 80, 101, 09 
VIII 1,40,56,60, 90,67,83, 102, 112 
The numbering of the orbits was used as a basis for preference, so with 
each start all resolutions of previous obits were eliminated. 
For start I there were 52 squares, reduced to 10 by equivalence. In start II, 
3 1 squares were reduced to 11. In start III, 11 squares were reduced to 5. In 
start IV, 4 squares were reduced to 3. In start V there were 2 inequivalent 
squares. Starts VI, VII, and VIII yielded no squares. Thus 31 squares 
required further investigation. Of course, all of these included skew 
resolution number 3 of (4.2). Through each of lines 39, 5 1, 63, 74, 77, 89, 
103, and 113 there were 289 skew resolutions consistent with number 3. 
For each of the 31 squares a listing was made by machine of the skew 
resolutions through 39,..., 113 consistent with every resolution in the square. 
For example, the first square of the second start is 
(4.5) 1 39 51 63 74 77 89 103 113 
1 40 52 65 91 72 76 101 107 
1 42 54 58 75 80 87 97 108 
1 41 55 61 81 85 73 98 115 
1 43 56 57 92 69 79 100 110 
1 45 53 59 68 83 88 96 114 
1 44 49 64 78 93 71 95 112 
1 46 48 62 86 70 84 102 111 
1 47 50 60 82 90 67 99 109 
There were a total of 540 resolutions listed for this square. These were 
treated by hand. Of the 68 including line 103 one subcategory, those using 
103 and 27, had only 3 possibilities: 
(4.6) 103 27 60 86 17 12 117 80 45 
103 27 58 85 106 43 20 83 11 
103 27 58 88 46 116 82 21 5 
Taking these in turn it was found that no square through 103 could be 
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constructed from the resolutions consistent with (4.5). Thus (4.5) was 
eliminated and each of the 31 in turn was eliminated. 
For the second major subdivision we consider a start with resolution 
number 7 of (4.2). By preference we eliminate all 6318 resolutions equivalent 
to number 3. Hence we have to consider only a total of 2106 resolutions. 
This greatly reduces the labor and the number of cases. There were only 
three non-equivalent squares including line 1 and in no one of these cases 
was it possible to find a consistent square including line 39. This completes 
the search. 
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